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Abstract 

There exist non-degenerate 3-form doji, uji{X,Y) = g{IX,Y), for 
each leftinvariant almost Hermitian structure {g, I), where g is Killing- 
Cartan metric on the M = S'-^ x = SU{2) x SU{2). Known [3], that 
arbitrary non-degenerate 3-form on the 6-dimensional manifold, with 
some additional properties defines the almost complex structure. Con- 
dition for / to define almost complex structure J/ by duj is obtained. 
Properties of J/ are researched. 

Introduction. Let be a smooth (i.e. C°°), closed, orientable man- 
ifold, with differential 3-form ip G A^(M). The form G A^(M) defines [3] 
endomorphism K € End(TM) ® A^(M) by 

K{X) = A{^x^^^), 

where A : A^ — > TM A^ is the isomorphism induced by the exterior 
product {iA{ip)yol = ip, where Vol is fixed volume form, A{ip) is the suitable 
vector field here). Let denote |tri^"^ as T{ip), then = Id ® t{iIj). 

The group GL{Q,M.) has two open orbits Oi and O2 on A^(]R^). The 
stabilizer of the forms in the first orbit is 5*^(3, C). Known |3], that r (■?/') < 
if and only if ip E Oi. Thus, if differential 3-form ip belongs to Oi at each 
point, then it determines the almost complex structure J on M: 

J= -K, 
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where k = ^J—t{iI)). 

Suppose, that now two forms (w,?/'), u G A^(M) {u /\ u /\ u ^ 0), 
if) G h?{M) are defined on the M. The 3-form with t{iI)) < pro- 
vides a reduction to S'L(3, C) and 2-form a; to S'p(3,M). As the group 
SU{?>) = Sp{3,M.) f]SL{3,C), then two forms (ojy'ip) with some compati- 
bihty conditions provide a reduction to SU{3). 

The first of this conditions is: 

u Alp = 

This says that u is of type (1,1) with respect to the above almost complex 
structure J. The second condition is that oj{X, JX) has to be positive definite 
form. It gives the Hermitian structure {g,uj,J) on M, where g{X,Y) = 
u{X, JY). 

Further, if pair {uj,ip) gives a reduction to SU{3) and: 
j ip = 3dijj; 

\ d(f) = —2fiu A u, where ixi^ = ijx'Pi A* G M 

then {M,g, J) G AfJC [2]. This approach is used in |2] to construct invariant 

nearly Kahler structure on x S^. 

Let M = X now. We'll take interest in leftinvariant structures on 
X = SU{2) X SU{2). In this case all the calculations are reduced to 

ones on the Lie algebra 5u(2) x su(2) of Lie group SU{2) x SU{2). Denote 

(ei, 62, 63, 64, 65, Ce) the standard frame of su(2) x su(2) = x ([ei, 62] = 

63, [61,63] = -62, [62,63] = 61, [64,65] = 66, [64,65] = -65, [65,65] = 64, 

[6j,6j] = 0, for other d G su(2) x {0}, i = 1,2,3; 6^ G {0} x su(2), i = 
4,5,6). Let fix the orientation on M, which defined by the selection of 
vectors (61, 62, 63, 64, 65, cq). Consider the space A'^ of all leftinvariant almost 
complex structures on M that induce the given orientation. 

Fix the Riemannian metric g induced by the Killing-Cartan form on 
SU{2) X SU{2). Take the space AO"^ C A'^ of all leftinvariant (7-orthogonal 
almost complex structures J, induced the given orientation on SU{2)xSU (2). 
Known [6], that A'^ is bundle over the AO^, fiber of the bundle over the J G 
AO^ is the space A+^ = {I e A+ : ujj{IX, lY) = uj{X, F), cuj{X, IX) > 
0,\/X,Y G su(2) X su(2)} of almost complex structures, positive associated 
with non-degenerate form ujj{X, Y) = g{JX, Y). 

The leftinvariant 2-form u}i{X, Y) = g{IX, Y) corresponds to each almost 
complex structure / G AO'^ . Known that closed non-degenerate differential 
2-form does not exist on SU{2) x SU(2). Thus duj 7^ 0. Therefore the map: 

/ G AO^ — ydwi — y K e End(5u(2) x su(2)) 
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is defined. If T{dui) < 0, then I e defines almost complex structure 

Ji e A+. 

The almost complex structures / G A.O'^ , for which T{dujj) < are 
investigated in the paper. The properties of corresponding almost complex 
structures Ji G A"^ are studied. 

Calculation. Let / G AO'^ . It is defined by skew-symmetric matrix 



7 = 



A B 
-B^ C 



hi 62 h ^ 







Cl C2 


h h h 




-Cl 


C3 


h bs bg J 




-C2 


-C3 




1,2,3, J 


= 1,- 


. , 6 are in 



Oi a-i 
where A — \ —a\ 03 | , S 

— a2 —03 
rd frame. Parj 

relations given by condition 7^ = — 1, in particular we have: 

1) h\^bl^bl^a\^al = 1. 

2) h\ + hl + bl^a\^al = 1. 

3) 6? + 6| + 6^ + a| + a| = 1. 

4) 0203 + 6164 + 62^5 + ^3^6 = 0. 

5) - aia3 + hxh-j + 62^8 + 63^9 = 0. 

6) a\a2 + 6467 + &5&8 + &6&9 = 0. 

7) 62 + 62 + 52 + c2 + c2^i_ 

8) 6i + 6i + &i + c? + cHl- 

9) 6i + 6^ + fe2 + c2^c2^i_ 

Theorem 1. T{duji) < if and only if aj + a| + a| < | . 

Proof. Let use the Maurer-Cartan formulas to calculate dui: dO^ — 
— J2i<j^ij^^ A 9^, where C^j, k,i,j — 1...6 are the structural constants, 
{^*, i = 1 . . . 6} the frame of the leftinvariant 1-forms space on M = SU(2) x 
SU{2). Let (e-*^, e^, e"^, e^, e^, e^) is co-frame to (61,62,63,64,65,66). Then 
de^ = -6^A6^ de^ = -e^Ae^, de^ = -e^Ae"^, de^ = -e^Ae^, de^ = -e^Ae'^, 
de^ = -6^ A 6^. We have 

^^dWi^ 6l(e234 _ el56) + i,2(e235 _ ^ ^,^^^236 _ gl45) ^ ^^(g314 _ ^256)^ 

+?,,(e315_e264)^^^^g316_g245)^;^^(gl24_g356)^^^(gl25_g364)^^^(gl26_g345) 

where 6*-'^ is the 3-form 6* A 6-' A 6^. 

A V' = -bl-bl + bl + bl + bl + b', + bl + 62)e23456+ 
+2(6164 + 6265 + 6366)6^^^5^ - 2(6167 + 6268 + 6369)6^2456^ 



3 



bgh 


- bsbe 


68^3 


— 6962 


6266 


- 6365 


2 ^ "^3 


-C2C3 


b^ba 


- bgb^ 


bibg 


— 6367 


6463 


- 66^1 


-C2C3 


_1 1 ..2 

2 ^ '-2 


bgb^ 


- &7&5 


6267 


- bsbi 


6561 


- 6462 


C1C3 


-C1C2 



+2(6668 - 6569)6^2^^^ + 2(6567 - 6469)6^2^^^ + 2(6567 - 6468)6^2^^^ 

Then 

A V' = (1 - 2a2)e23«6 _ 202036^3456 _ 2a,ase^^'''<' + 2{b^b^ - 6569)6^2356^ 

+2(6067 - 6469)6^2=^^6 + 2(6567 - 6468)6^2345 
As iK{x)Vol = ix^ A ^, and zyV^o/ = yie^^^se _ ^2^13456 ^ ^3^12456 _ 

y4gl2356 ^ y5gl2346 _ y6gl2345^ ^^616 Vol = 6^ A 6^ A 6=^ A 6^ A 6^ A 6^, then 

matrix of \K va. the above basis is 

/ ^ - «3 «2a3 -aia^ bgba - 6965 6964 - 6765 6765 - 6364 \ 

0203 I - «i 0102 6962 - 6363 6763 - 6169 6361 - 6762 

-0103 0102 I - a? 6563 - 6562 6561 - 6463 6462 - 6561 

, , 1 n 

C1C3 
-C1C2 
l + cl J 

We can calculate {K'^)ii: 

{K\, = (l-2a2)2+4a2a2+4a2a2 -4(6866-6965)2-4(6964-6766)2-4(6765-6864)2 
Denote 

X — al + al + al 

Then 

{K^)n = l-4:al + Aalx - 46^6^ - 46^6^ + Sb^b^bgb^ - Ablbl - Ab'^^bl + 869646765 - 

-46^62-4626^+867656864 = l-4a2(l-x) -46^ (6^+62+62) -462(6^+62 +62)- 
-462(62 + 62 + 62) + 46262 + 46262 + 46262 + 863656965 + 869646765 + 867656364 = 

- 1 - 4a2(l -x)- 4(62 + 62 + 62)(62 + 62 + 62) + 4(6467 + 6563 + 6569)2 
Use the condition P = —1, obtain: 

{K%i = 1 - 4a^(l -x)- 4(1 -al- a^)(l -aj- al) + 4(-aia2)2 = 4x - 3 

As {K'^)u = {K%, = 1..6, we have 
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T(dui) = ^trir2 = -3 + 4(a2 + al + al) 



□ 
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Remark 1. One can write the matrix of K in the frame (e): 



K 



1 - 2A* -2B* 
2B*^ -1 + 2C* 



where A* , B* , C* - are the algebraic supplement matrices to A, B, C respec- 
tively. 

Remark 2. As a? + + a| = + + and XlLi bi=S-2 Yfi=i c?i 
by = —1, then the conditions: 

1. T{dbJi) < 0, 

2. cl + 4 + 4< |, 

3. al + al + al< |, 

are equivalent. 

Denote the set of all / G -AO^ , with r^duj) < as AO-. Now we can 
define map a : AO- — > A^, a{I) = Ji = . ^ K for each / G 

Remark 3. ridbjj) = 1 > for integrable almost complex structure 
J = ( ^ V A = ( -1 1 , = ( I . For Jo 



-B A 





^0 





V 


















^ 


1 











(f' ) have T(dui) = —3, then ^^/o = 75 ^ 2 1 ^ with metric 

gj\j-/c ~ 73 ^ \ 2^ ) gives nearly Kahler structure. 

Lemma 1. det-B < for all almost complex structures I G AO-. 

Proof. Assume that the almost complex structure / G AO-, such that 
det B = exists. Then we can find non-zero vector f G M^, for which 
B^v = 0. Let V G su(2) x su(2), such that its projection on the first factor 
is V (niiy) = v) and its projection on the second factor is zero {7i2iV) = 0), 
i.e. = iv^,0). Then 



(I'Vy = {v'A\v'AB) = {-v'\0) ^ 



A^v = —v; 
B^Av = 0. 



Condition A'^v = —v is equivalent to det(y42 + 1) = 0, i.e. x = 1, this one 
contradicts to x < 3/4. 

As det i? 7^ 0, then vectors (ei, 62, 63) are /-linearly non-dependent. Then 

/ E A 

(ei, 62, 63, Jei, Je2, /es) = (ei, 62, 63, 64, 65, cq) i ^ 
I.e. I keeps the orientation [5] if det B < 0. 
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□ 

Lemma 2. J/ G A^. 

Proof. As det B 0, then (ei, 62, 63) are J/-linearly non- dependent. The 
determinant of amphcation matrix from the frame (ei, 62, 63, J/Ci, 7/62, JiGs) 
to the standard one is 

\Bf)=HdetBr>0. 



Theorem 2. J/ G A^^j, where 



□ 



X 



Proof. Find the projection Jj G A'^ on the base AO^ of bundle 
using results of [6]. The skew-symmetric form ijj{X,Y) = ^{g{JjX,Y) — 
g{X, JiY)) corresponds to structure J/. The matrix of form uj in the standard 
frame: 

B* 
-B*^ 



Corresponding skew-symmetric operator D, such that uj{X, Y) = g{DX, Y) 
is: 

-B* 
B*^ 



D 
Then 



Find {B*B*^)~^/^ and {B*^B*)-^'^. Use condition J| = -1, it is equivalent 
to system of equations: 

1 - 2A*f - AB*B*^ = tE, 
B*C* = A*B\ 
1 - 2C*? - AB*^B* = tE. 




Then(-^^r^ = fl+(i^^r%nd f .IBiI^iV^ ^ _^ (l^2c:£^ 



— r 



By direct calculations one can show that A* = xA"". Then 
— r — r — r 



1 + ^ ^1 = , il-A*)—2 

1-i 



^ T 

1 1 3 15 



'1 + -A* + —xA* + —x^A* + 



2 22 23' 

r 

= (a; - A* + + + + + . . . )) 



Projection of almost complex structure J/ on AO"^ is: 

.(J,, = (-flrifl- 2 ^ -(1 + ,.4.)B 



therefore uj 
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(l+yA*)B* 



1— \ -(1 



□ 

Remark 4. As 7r(J/) G ^Cj, then matrix X = -^=(1 + yA*)B* e 
5*0(3). So the matrix of form u is canonical ^ ^ ^ ^ frame 

M2, Ms, M4, Ms, ^e) = (ci, 62, 63, Xe4, Xes, Xee). The group 5*0(3) x 5*0(3) 
acts on M = 5*^ X 5'^ = SU{2) x SU{2) with canonical metric g by an 
isometry [2]. We have [m4,M5] = uq, [u4,uq] = —u^, [u5,uq] = u^, u^^u^^uq G 
{0} X su(2). Therefore frames (e) and (m) are equivalent 0. One can repeat 
all the above calculations for the almost complex structure / G AO^ in the 
new frame (u), and get '^{Ji) = Iq, where Jq G AO^: IqU^ = Ui, IqU^ = U2, 

IqUq = Us. 

Lemma 3. The form uj and metric gi 

_ f E\ _ 2t (1 - ^) -1 + 2A* \ 



where t = -JX — x in the frame (mi, ^2, W3, ^4, M5, u%) . 
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Corollary. Map 

I e AO_ Ji -^-^ 7r{Ji) J,(j,) 

gives the almost complex structure, for which {gMic, J-k{Ji)) £ MlC. 

Remark 5. As each almost complex structure J/ for / G AO^ is in 
v4.^^, then we have almost Hermitian structure {gi,Ji), where gi{X,Y) — 
ujj{X, JiY) for all / G AO.. 

Theorem S.Ricci curvature of metric gi is 

Si^-iet^-lOt^ + lOt + S 4t2 + l 

Ricii = Ric22 = -5 — ; Ricss 



2(4^2-1)2 ' 2(4^2-1)2' 

- 16t3 + - 2t - 1 -3 + 16t^-8t2 

Ricu - Ric,, 2(4^2 - 1)2 ; ^'^66 - 2(4i2-l)2 ; 

i?icjj =0, ifij^j 

in the orthonormal frame for gj. The scalar curvature s — — ^^'^^^^^^^l^^^^'^^ . 

Proof. In case + a| 7^ proper values and proper vectors of matrix 
gi in the frame (u) are: 

A2 = 1 : -j=^={-as, as, -ai, -ag, 02, -ai); 

A3 = 2t + 1 : ^4 = V2K+ai)(2.+l) ^~"^' 

A4 = 4^2 - 1 : V6 = ;^/^^^qfp5Zfy(~«3, 02, -ai, a^, -a2, ai) 

In case al + — 0, 02 7^ proper values and proper vectors of matrix gj in 
the frame (u) are: 

A2 = l: -yg = ;^^==py(0,a2,0,0,a2,0); 

^3 = 2^ + 1: .4 = ^^(1,0,0,-1,0,0); 



A4 = 4t2-1: ve^ . ^ (0, 02, 0, 0, -02, 0) 

" ^2(l-t2)(4t2-l)^ ) 2, , , 2, ; 



In case + 02 + = we have t = 1 and 

Ai = l: t;i = ^(1,0,0,1,0,0) 

t;2 = ^(0,1,0,0,1,0) 

t;3 = ^(0,0,l,0,0,l) 
A2 = 3: t;4 = ;^(l, 0,0, -1,0,0); 

t;5 = ;7g(0, 1,0, 0,-1,0); 

t;6 = ^(0,0,1,0,0,-1) 

The direct calculations by formulas from fT] gives tensor Ricci in the frame 

(v) = {vi,V2,V3,V4,V5,V(i). 
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